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Abstract. The paper deals with equations driven by a non-local integrodif- 
ferential operator Ck with homogeneous Dirichlet boundary conditions. These 
equations have a variational structure and we find a solution for them using 
the Saddle Point Theorem. We prove this result for a general integrodiffcr- 
ential operator of fractional type and from this, as a particular case, one can 
derive an existence theorem for the fractional Laplacian, finding solutions of 
the equation 

f (-A) B u = f(x,u) inH 
\ u = in W 1 \ n , 

where the nonlinear term / satisfies a linear growth condition. 



(1) 



1. Introduction 

In this paper we deal with the following problem 

—Cku = f(x, u) + h(x) in f2, 
u = in R™ \ fi 

where n > 2s with s G (0,1), ft C R™ is an open bounded set with Lipschistz 
boundary, / and h are two functions whose properties will be introduced later and 
Ck is a non-local operator defined as follows: 

(2) C K u(x) = - / (u(x + y) + u{x - y) - 2u{x))K(y)dy, 

for all x G R™, where K : R n \ {0} — > (0, +oo) is a function with the properties that 
(Kl) mK G L 1 (R n ), where m{x) = min||x| 2 ,l|; 

(K2) there exists A > and s G (0,1) such that K(x) > \ \x\~ {n+2s) for any 

x G R™ \ {0}; 
(K3) K(x) = K(-x) for any x G R" \ {0}. 

A typical example for K is given by K(x) = \x\ ~( n+2s \ j n t n j s case problem ([T]) 
becomes 

(-A) s u = f{x,u) + h{x) inn, 
u = in R" \ fi, 

where — (— A) s is the fractional Laplace operator which (up to normalization fac- 
tors) may be defined as 

/ a\ i A , s / n 1 f u{x + y) + u{x - y) - 2u{x) 

(4) - { A) u{x) = 2 L dy 



(3) 
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for x G R™ (see [2] and references therein for further details on the fractional 
Laplacian) . 

Problem ([1]) has a variational nature and its solutions can be constructed as crit- 
ical points of the associated Euler-Lagrange functional. When the function / has 
superlinear and subcritical growth conditions, the solutions of ([1]) can be found by 
using the Mountain Pass Theorem. See for example [5]. 

When the right-hand side of equation (p} is equal to f(x,u) + Xu, with A a real 
parameter and the nonlinear term / satisfies superlinear and subcritical growth 
conditions, we refer to [10]. In this case critical points of the Euler-Lagrange func- 
tional can be obtained by using both the Mountain Pass Theorem and the Linking 
Theorem. 

In this paper we assume a linear growth for function / for which the previous 
variational techniques do not apply. Hence the main aim of this work is to adapt 
the Saddle Point technique for elliptic partial differential equations to problem |T|) . 

The weak formulation of ([T]) is given by the following problem (for this, it is worth 
to assume (K3)) 



Here the functional space X denotes the linear space of Lebesgue measurable 
functions from R™ to R such that the restriction to of any function g in X 
belongs to L 2 (0) and 



(6) the map (x, y) i — ^ (g(x) - g{y))^K(x - y) is in L 2 (R 2ra \ (CO x CO), dxdy) , 
where Ctt := 1™ \ il. Moreover, 



We remark that X and Xq are not reduced to {0} since by [JJ Lemma 11] it follows 
that Cg(fi) C Xq (for this we need condition (Kl)). 

Finally, we suppose that the term / of the right-hand side of equation (JTJ is a 
Carathcodory function / : 51 x R" — > R such that 



The main result of the present paper is an existence theorem for equations driven 
by general integrodifferential operators of non-local fractional type, as stated here 
below. 

Theorem 1. Let s G (0, 1), n > 2s and Q be a bounded subset o/R™ with Lipschitz 
boundary. Let K be a function satisfying (K1)-(K3) and let f be a Caratheodory 
function verifying ([S]). Moreover, assume that 




(u(x) - u(y))((p(x) - ip(y))K(x - y)dxdy 




(7) 



X = {g G X : g = a.e. in R™ \ 0} . 



(8) 



there exist a G L 2 (D.) and b > such that 
\f(x,t)\ < a(x) +b\t\ Vt G R and a.e. x £ Q. 



(9) 



lim inf 



a{x) < lim sup 

|t|->oo 




a{x) 



t 
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are measurable junctions. Ifa(x) < Ai or there exists k € N such that A& < a(x) < 
a(x) < Xk+i (where Ai and A& are respectively the first and the k-th eigenvalue of 
Ck which we will recall in Section^, then problem (0) admits a solution u G Xq 
for any h G L 2 (£l). 

Remark 2. Without loss of generality, we can assume h = 0, since the function 
f(x,t) = f{x,t) + h(x) satisfies the same assumptions of /. 

Remark 3. We point out that assumption n > 2s is just a technical condition. 
Indeed, when n = 1 and s G (1/2,1) by [SJ Theorem 8.2] we get the following 
compact embedding X °-» L p (tt) for any p G [l,oo) and the result works exactly 
as in the other case. 

Remark 4. We notice that, in our framework, no solution of problem ([5]) is known 
from the beginning, unlike the cases treated in [HUTU] where the problems considered 
admit the trivial solution u = (indeed, in our case, f(x, 0) + h(x) may not vanish 
and u = may not be a solution). 

The proof of Theorem [TJ relics on the Saddle Point Theorem (see, for instance, 
[4]). In order to check the geometric assumptions needed for applying this result, 
we perform some energy estimates in fractional Sobolcv spaces. Indeed, Thcorcm[T] 
is the fractional analog of a result valid for the classical Laplacian (see, e.g., [3J 
Theorem 4.1.1]). As a matter of fact, we plan to consider further applications of 
the Saddle Point Theorem for fractional operators for asymptotically linear terms 
in a forthcoming paper. 

The paper is organized as follows. In Section [2] we collect some preliminary esti- 
mates on the primitive of /. In Section [3] we introduce the functional setting we 
will work in. In Section |4] we recall some basic facts on the spectral theory of the 
operator Ck ■ In Section [5] we prove Theorem [1] performing the classical Saddle 
Point Theorem. Finally, in the appendix wc give the proof of a technical lemma. 



2. Some preliminary estimates 



Here we use condition (|8|) on / to deduce some preliminary estimates involving its 
primitive F with respect to the second variable, that is 

(10) F(x,t) = f f(x,T)dr. 

Jo 

At first we immediately notice that, by integrating ((HJ, it follows that 

lil 2 

(11) l^(M)l < a(x) \t\ +b L j- Vt G R and a.e. x G 0. 

Lemma 5. Assume f is a Caratheodory function satisfying the condition ([8]). 
Then, the primitive function F verifies the following inequalities 

, „n F(x,t) a(x) 

(12) i imsup ^_i2 < _L2 ; 



mi 



d 



13 hmmf > — -, 

|t|->oo t z 2 

for a.e. x G ft and Vi G M, where a and a are defined ssmQ. 
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Proof. By ((9|), for all e > there exists R > such that 

(14) li^Jl -a( x ) <e y\t\>R. 
Integrating and recalling (fTTj) we get 

r\t\ 

F(x,t) < \F(x,R)\ + / f(x,s)ds 

(15) J R_ 

<a(x)R + b^- + a{x) 2 +£ (t 2 -R 2 ) V\t\>R. 

Therefore 

F(x, t) a(x) + e 
hmsup — - — < 

t|-> + oo 1 * 

for every e > 0, and so (fT2j) follows. In analogous way one can prove (fl"3|) . □ 

3. The functional analytic setting and some preliminary estimates 

Here we recall some preliminary results on X and Xq as defined in ([6]) and (|7|) . In 
the sequel we denote by Q = R 2 " \ O , where 

(16) O = (Cil) x (Cfi) C M 2n , 
and CQ = R n \ . 

The space X is endowed with the norm defined as 

(17) \\g\\ x = \\g\\ L - H n) + (J Iff (a?) - .9(2/)| 2 F^ - y)dxdy) ^ . 
see [3 [8] for further details. 

In the following we denote by H s (£l) the usual fractional Sobolev space endowed 
with the norm (the so-called Gagliardo norm) 

\g(x) - g(y)| 2 ^^ 1/2 
'six!) I 27 — y\ 

We remark that, even in the model case in which K(x) = |a-|-(" +2s ), the norms 
in (JTrJ) and (fTS)) are not the same, because ft x 51 is strictly contained in Q (this 
makes the classical fractional Sobolev space approach not sufficient for studying 
the problem). 

For further details on the fractional Sobolev spaces we refer to [5] and to the 
references therein. 

In the next result we recall the connections between the spaces X and Xq with 
the usual fractional Sobolev spaces (for a proof see [H Lemma 5] ) . 

Lemma 6. Let K : W l \ {0} -)• (0, +oo) satisfy assumption (Kl)-(KS). Then the 
following assertions hold true: 

a) if v 6 X, then v G iP(O). Moreover 

\\v\\ H >M <c(X)\\v\\ x ; 

b) ifveX Q , then v G H s (R n ) . Moreover 

M\H'(SI) < IMIff=(R") < c(A)||v||x . 



(18) \\g\\ B .w = h\\ LH a } + ( / dxdy) 
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In both cases c(A) = max{l, A 1 / 2 } , where X is given in (K2) . 

Now we give a sort of Poincarc inequality for functions in Xq. This result is proved 
in [5J Lemma 6] . 

Lemma 7. Let K : W 1 \ {0} -> (0, +oo) satisfy assumption (K1)-(K3). Then 

a) there exists a positive constant c, depending only on n and s, such that for 
any v G Xq 



\x - y\ 



where 

(19) 2* = -*L_ 

n — Is 

with s G (0, 1); 

6) there exists a constant C > 1, depending only on n, s, A and fl, such that 
for any v G Xq 

Hx)-v{y)\ 2 K(x-y)dxdy<\\v\\ 2 x <C f \v(x) - v{y)\ 2 K(x - y) dx dy , 
'Q JQ 

that is 

(20) \\v\\x = ^l Q \v(x)-v(y)\ 2 K(x-y)dxdy^ ' 

is a norm on Xq equivalent to the usual one defined in (jTTJ) . 

From now on, we take (f2"U)l as norm on Xq- The following result holds true (see 
[51 Lemma 7] for the proof). 

Lemma 8. (Xq, \\ ■ \\x ) * s a Hilbert space with the scalar product 

(21) (u,v) x = I {u{x)-u(y))(v{x)-v{y))K(x-y)dxdy. 

JQ 

Finally, we recall a convergence property for bounded sequences in Xq (see [8j 
Lemma 8]). 

Lemma 9. Let K : W 1 \ {0} — s- (0, +oo) satisfy assumption (Kl)-(KS) and let Vj 
be a bounded sequence in Xq . Then, there exists Woo G L m (W l ) such that, up to a 
subsequence, 

Vj ->■ Voo in L m (R n ) 
as j — > +oo, for any m G [1,2*). 

4. AN EIGENVALUE PROBLEM 

Here we consider the following eigenvalue problem 

—Cku = Xu in fl, 



(22) 
wher 

boundary, K : R" \ {0} (0, +oo) is a function satisfying (K1)-(K3). 



u = in M" \ O 

where n > 2s with s G (0,1), £1 C M" is an open bounded set with Lipschistz 
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More precisely, we study the weak formulation of (|22[). which consists in the fol- 
lowing eigenvalue problem 



(23) 



(u(x) - u(y))((p(x) - tf(y))K(x - y)dxdy 

= X u(x)(p(x)dx \l<p G X 



U G Xn 



We recall that A G R is an eigenvalue of —Cku provided there exists a non-trivial 
solution u G Xq of problem (|23[) and, in this case, any solution will be called an 
eigenfunction corresponding to the eigenvalue A. 

For the proof of the next result we refer to |1Q[ Proposition 9 and Appendix A] . 

Proposition 10. Let s G (0,1), n > 2s, be an open bounded subset of MP and 
let K : W 1 \ {0} — > (0, +00) be a function satisfying assumptions (K1)-(K3). Then 

a) problem (|23|) admits an eigenvalue X± which is positive and that can be 
characterized as follows 

Ai = min / \u(x) — u(y)\ 2 K(x — y)dx dy. 



or, equivalently, 



(24) Ai = min 



\u(x) ~ u(y)\ 2 K{x — y)dx dy 



ueX °\ {0} / \u{x)\ 2 dx 

b) there exists a non-negative function e± G Xq, which is an eigenfunction 
corresponding to Ai, attaining the minimum in ([24]) . that is ||ei || L 2( f2 ) = 1 
and 

Ai = / \ei{x) - ex{y)\ 2 K(x - y)dxdy; 

c) Ai is simple, that is if u G Xq is a solution of the following equation 

{u{x) — u(y))((j)(x) — <p(y))K(x — y)dx dy = Ai / u(x)(p(x)dx V(f> G Xq, 

Jn 

then u = Qe\, with ( G K; 

d) the set of the eigenvalues of problem (|23|1 consists of a sequence {Afe} fcgN 
with 

(25) < Ai < A 2 < . . . < Afe < X k+1 <... 

and 

Afc — > +co as k — > +00. 
Moreover for k G N the eigenvalues can be characterized as follows: 

X k+1 — min / \u(x) - u(y)\ 2 K(x - y)dxdy, 



wGPfe+i, \\y.\\ L 2 (n) 



=1 
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or, equivalently, 



(26) X k +i = min 



\u(x) — u(y)\ 2 K(x — y)dxdy 



" ePfc+A{0} / \u(x)\ 2 dx 

where 

Pfe+i := {u G X : (u, =0 Vj = 1, ...,*;} ; 

e) /or any A: G N there exists a function ek+i £ P/c+i, which is an eigen- 
function corresponding to Aj. +1 , attaining the minimum in (|26p . that is 

\\ e k+i\\ L i(n) = 1 and 
(27) Afe+i = / |e fc+ i(x) - e fc+ i(y)| 2 A"(.t - y)dxdy; 

f) the sequence {efe} fcgN o/ eigenf unctions corresponding to Xk is an orthonor- 
mal basis of L 2 (Q) and an orthogonal basis of Xq; 

g) each eigenvalue Xk has finite multiplicity; more precisely, if Xk is such that 

Afc-i < Afe = • • • = Xk+h < Xk+h+i 

for some /i £ No, then the set of all the eigenf unctions corresponding to Xk 
agrees with 

span {e k ,...,e k+h }. 



5. Proof of Theorem Q] 

For the proof of Theorem [U we observe that problem ([S]) has a variational struc- 
ture, indeed it is the Euler-Lagrange equation of the functional J : Xq — > M defined 
as follows 

J(u) = - I \u(x) - u(y)\ 2 K(x - y)dxdy - I F(x,u(x))dx. 
^ Jq Jn 

Note that the functional J is Frechet differentiable in u G Xq and for any G Xq 
(J'(u),tp)= / (u(x) -v,{y)){tp(x) -tp(y))K(x-y)dxdy 

f(x, u(x))(p(x) dx . 

Thus, critical points of J are solutions to problem ([5]). In order to find these critical 
points, we will divide the proof in two cases. At first, when a(x) < Ai the existence 
of the solution of problem (JSJ follows from the Weierstrass Theorem (i.e. by direct 
minimization). When Afe < odx) < a < X^+i for some k G N, we will make use of 
the Saddle Point Theorem (see [4]). For this, we have to check that the functional 
J has a particular geometric structure (as stated, e.g., in conditions (^3) and 
of [H Theorem 4.6]) and that it satisfies the Palais-Smale compactness condition 
(see, for instance, [H page 3]). 
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5.1. The case a(x) < Ai. In this subsection, in order to apply the Weierstrass 
Theorem we first verify that the functional J satisfy the following geometric feature. 

Proposition 11. Let K : R n \ {0} -> (0, +oo) satisfy assumptions (Kl)-(KS). 
Moreover let a{x) < Ai and let f be a function satisfying ([5]). Then the functional 
J verifies 



(28) 



lim inf ^^>0. 



Hlx„-H-°° \\u\ 



Proof. Let {%} eN be a sequence in Xq such that ||%|| x — > +oo. Since Xq is a 
reflexive space (being a Hilbert space, by Lemma [5J, up to a subsequence, there 
exists u £ Xq such that Uj/ \\uj\\ Xo converges to u weakly in Xq. Moreover, by 
applying Lemma [9] and [TJ Theorem IV. 9] 



(29) 



HI 



3\\X 
11,- 



HI 



u in L q 



— > u a.e. m 



VgG [1,2*) 



as j -> +oo and < 1. Now, notice that 2* > 2, by (JTSJ); therefore by ([IT]) 

and the first observation in 



%<»r 



(30) 



\F(^Mx))\ a{x)\u 3 {x)\+b^y±- b 

2 — — 2 ^ o U v 2 -) 111 ^ 



11% II 



X 



So, by ([3"D"|) and [TJ Theorem IV. 9], up to a subsequence, there exists a function 
h G i 1 (51) such that 



(31) 



|F(x,Uj(:e))I 



11% II 



< /i(x) a.e. in O. 



By ([3Tj) and the generalized Fatou Lemma it follows that 



(32) 

Now, we claim that 
(33) 



lim sup 



F{x,Uj(x)) 



*3\\X 



dx < limsup 



£2 j-> + oo 



■F(x,Mj(x)) 

11% If 



c?x. 



'3\\X 



F(x.uJx)) a(x) 9/ . 
limsup \ ' 3V yy < -^V(x) 



a.e. in f2. By fixing e > and x G fi, by ([29| there exists j £i ^ > such that 

U 2(x) 



(34) 



u'(x) 



< e 



hillxo 

for j > j e x . Moreover, by (|12|) there exists i e x > such that 



(35) 



F(x,t) a(x) 
t 2 ~ 2 



SADDLE POINT SOLUTIONS FOR NON-LOCAL ELLIPTIC OPERATORS 



9 



for any \t\ > t e . Now, if |uj(a;)| > t e , x by (f34]> and (|35|) it follows that 
F(x,Uj(x)) fa(x) t A_ u$(x) 



U j\\x Q ~ ^ 2 ' IMIxo 



(36) = ( E ^ +£ )" 2(l, + ( H ^ +f )(MT-" 2(,c) 



a (a;) { ^ 2 . ^ , ^ <* + (a;) 



for j > j'e.K) with a + (cc) = max {c?(x), 0}. Since Hi^H^ — > +oo, if |%(a;)| < t e<x 
for j > j e x sufficiently large, by (fTTj) we get 

Ik-llxo 11%'llxo "V 2 V e - 

By combining (|36|) and ([37]), for j > j e :c we obtain 

■F(s,Uj(s)) /o(x) \ 2 / q+(g) \ 

and so by sending j — > +oo and then e — > we get (|33p . proving our claim. 
Therefore, by (|32[) . ([3"31) and remembering that < Ai, we have 

limsup / Ei^pi dx < rm U 2 {x)d J <^jf{x)d X if^o, 

j^ +ao Jn \\uj\\ Xg in 2 [ =o ifti = 0, 

so that 

Jjuj) = 1 

' l|u*lli_ 2 

(38) 



lim inf ^ — = — — lim sup 

"ij|| x 2 j— S- + 0O j 




i - y /" u 2 (x)dx if u ^ 0, 



Now, by (|2T))) . and remembering that ||u|| Xo < 1, we get 
(39) ^ [u 2 (x)dx<\ [ju(x)-u(y)\ 2 K(x-y)dxdy=±\\u\\ Xa < 1 
therefore 



hminf — > S 1 r 
^+°° lluillxo I 2 lfM ^ ' 
and so we have (|28|) . □ 

Proof of Theorem [H when a(x) < Ai. Let us note that the map u i— > is 

lower semicontinuous in the weak topology of ATo, while the map mh> § n F(x,u) is 
continuous in the weak topology of ATo. Indeed, if {uj"} jeN is a sequence in Xq such 
that Mj — 1 u in Xo, then by Lemma [9] and |TJ Theorem IV. 9], up to a subsequence, 
uj converges to u strongly in L q (£l) for any q G [1,2*) and a.e. in f2 and it is 
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dominated in L q (rt). Since F is a Caratheodory function and by (fTTj) it follows 
that 

b 2 

\F(x,Uj(x))\ < a(x) \Uj(x)\ + - \uj(x)\ , 

by applying the Lebesgue Dominated Convergence Theorem we have the continuity 
ofm-> J Q F(x, u). So the functional J is lower semicontinuous and by using also 
([28} to obtain coerciveness we can apply the Weierstrass Theorem in order to find 
a minimum of J on Xq, which is clearly a solution of problem ([5]). O 

5.2. The case Xk < gi(x) < a(x) < Xk+i- At first, we recall that, in what follows, 
e/c will be the A:-th eigenfunction corresponding to the eigenvalue A^ of — Ck for 
any k G N, and 



fc+i 



[ueX : (u,ej) Xo =0 Vj = !,...,&} 



as defined in Proposition 1 1 01 while Hk ■= span {ei, . . . , e^} will denote the linear 
subspace generated by the first k eigenfunctions of — Lk for any k G N. It is 
immediate to observe that Pfc+i = with respect to the scalar product in Xq 
(recall ([21]) ). Moreover, since Xq is a Hilbert space (thanks to Lemma [8]), we can 
divide it as X = H k ® Pfc+i. 

Now we prove that the functional J has the geometric features required by the 
Saddle Point Theorem. 

Proposition 12. Let K : R" \ {0} -> (0, +oo) satisfy assumptions (K1)-(K3). 
Moreover, assume there exists k G N swc/i i/iai A& < a(x) < a(x) < Afc+i and let f 
be a function satisfying ([8]) . Then the functional J verifies 

(40) limsup -^p-<0. 

«eff fc ,HI Xo -H-oo ||u|| Xo 

Proof. Let be a sequence in if/, such that ||itj|| Xo — > +oo. Since is 

finite dimensional there exists u G ii^ such that u^-/ |wj ||^ converges to u strongly 
in Xq. Moreover, by applying Lemma |5] and [1] Theorem IV. 9], up to a subsequence 

-» u in L 9 (R") Vg G [1,2*) 



(41) "t* 

u a.e. in 



IK'llxo 

as j +oo and ||u|| A - = 1. Now, by using ([T31 and proceeding as in the proof of 
claim ([3"3"]l . it follows that 



„ Fix, uAx)) a(x) , 
(42) liminf v ' ^ > =^V(x) 

\\ u j\\x 



hj\\x " 2 

a.e. in f2. So by ([4"2"[) . the Fatou Lemma and the fact that a{x) > Xk we get 

JM <- - [ ^ 1 A * 

j-H-oo \\ujf Xo ~ 2 7 n 
Now, since u G Hk, then we can write 



(43) limsup- — -4^— < — — / — - — u (x)dx < — ^- / w(x)dx. 



u(x) = 2J Uie.i(x) 
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with in £ K, i = 1, . . . , k. Moreover, since {ei, . . . , ek, . . .} is an orthonormal basis 
of L 2 {Vl) and an orthogonal one of Xq and by (j25|) and (|27|) . we get 

(44) \\uf Xo =xxn& =e a ^ 2 <A ft $> 2=A * / u2 (^- 

i=i i=i i=i ^ n 

So, by dm and the fact that ||u|| Xq = 1, we get (gO]). □ 

Also, Proposition [T2l has the following counterpart. 

Proposition 13. Let K : W 1 \ {0} -> (0, +oo) satisfy assumptions (K1)-(K3). 
Moreover, assume there exists k £ N sitc/i i/ia£ Afc < a(x) < a(x) < Xk+i and let f 
be a function satisfying l[8|). TTien the functional J verifies 

(45) lim inf > 0. 

uePfc+i, ||«|| Xo -h-oo ||u||^- o 

Proof. The proof is similar to the proof of PropositionlTTI In this case a(x) < Xk+i 
for some k £ N, so (1551) becomes 



j- ( ) i - J2± I u 2 {x)dx if u ^ 0, 

hmmf — > < f 2 -/n 

^+°° IK-llxo ( 1 if« = o. 



In place of by using (f2"6")l , we get 

(46) / u 2 (x)dx<]- [ \u(x) - u(y)\ 2 K{x — y) dxdy 
* Jn z Jq 

and from this point we can conclude exactly as in the proof of Proposition 111! □ 

In order to prove the Palais-Smale condition we first need the following technical 
lemma, the proof of which is given in appendix. 

Lemma 14. Let Q be a measurable subset ofW 1 and let {^j}, G jj be a sequence of 
functions of L 2 (f2). If 

(47) 4>j ^(j) in L 2 (n), 

and there exists two functions ipi, £ L 2 (f2) such that 

V'l ( x ) — • nm m f 4>j i x ) < lim sup <j)j (x) < ip2 (x) 

a.e. in £1, then 

%j)\(x) < 4>{x) < ip 2 (x) 

a.e. in D,. 

Now, as usual in variational methods, we prove the boundedness of a Palais-Smale 
sequence. 

Proposition 15. Let K : K" \ {0} -> (0, +oo) satisfy assumptions (Kl)-(KS). 
Moreover, assume there exists k £ N such that Xk < a(x) < a(x) < Xk+i and let 
f be a function satisfying l[8]). Let c £ R and let {uj}- gN be a sequence in Xq such 
that 

(48) J( Uj ) -> c, 
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and 

(49) su P {\(j'( Uj ),<j>}\ : (t>eX , U\\ Xo =l}^0 e X , 

as J — > +00. TTien {tij}j- eN is bounded in Xq. 

Proof. We argue by contradiction and suppose that {uj}^^ is unbounded. As 
usual, up to a subsequence we can assume — > +00 as j — > +00 and there 
exists u g X such that itj/ converges to u weakly in Xq, that is 



Uj(x) Uj{y) 



(</>(x) - <p(y))K(x - y) dx dy 



K 2 " \JHIx KHxo, 

(u(a;) - u(y))(c/>(x) - (j>(y))K(x - y) dxdy for any (j> E X Q 



(50) 



as j — > +00. Moreover, by applying Lemma |9] and [TJ Theorem IV. 9], up to a 
subsequence 



(51) 



HI 



VgG [1,2*) 



u a.e. m 



K-llx 



as j — > +00. Moreover, by (J8J) and the first observation in (|51j) . since 2 < 2*, we 
get 

IHIjc„ IHU IHU 

as j — > +00. So f(x,Uj)/ \\uj\\ x is bounded in L 2 (f2) and we can assume that 
there exists w E L 2 (f2) such that 

(53) tht 1 ^ ini2 ^)- 

IHIx„ 



By (ggj) we have 

(J'(uj),v) = / (%(a;) -Uj(y))(i;(a;) -v{y))K(x-y)dxdy 

JQ 

(54) - / f(x,Uj(x))v(x)dx ->-0 

for all v E Xq. Moreover, by ([50)) with <fi — v and (|53|) we have 



H — >■ / («(x) -u(y))(v(x) -v(y))K(x-y)dxdy 
W u j\\x JQ 



(55) - / w(x)v(x)dx in L 2 (r2). 

So, by combining (|54[) with ([55]) we get 

/ (u(x) — u(y)^J (y(x) — v(y)^jK(x — y) dx dy — / tt;(a!)v(a;)da; = 
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for all v G Xo and we deduce that u is a weak solution of problem 

, , f -Cku(x) = w(x) in tt, 

{ ' \ u = inR n \n. 

Now we claim that 

there exists m G L°°(S1) such that a(x) < mix) < a(x) a.e. in SI 

(57) , _w - w - w 
and u; = mu. 

If x G CI such that u{x) > 0, then Uj(x) — > +00 and so, by using ([9]), it follows that 

. n f(x,Uj(x)) ,. . „ f(x,Uj(x)) u-j(x) , . . . 

(58) lim inf ^ V ' = lim inf ^ v ' /; ,, 3 , ; > a(x)u(x) 



and in the same way 



f(x,Uj(x)) 



(59) limsup — r-j — < a(x)u{x). 

On the other hand, if x G f2 such that u(x) < 0, then Uj{x) — > — 00 and we get the 
reversed sign 

(60) lim inf /( ,f ' "f (x)) < a(x)u(x) 
and 



\\u jUXo 



(61) limsup > 5(a;)«(x). 

Finally, when x G f2 with u(z) = 0, by ([8]) we have 

II%IIa„ " IMU IMIa-o 

as j -> +00. So, by d53j), dSHJ), ([59]), ([60]), ([6TJ) , ([62]) and LcmmaEl we get 

a{x)u(x) < w(x) < a(x)u(x) if u(x) > 0, 
a{x)u(x) < w(x) < a(x)u(x) if u{x) < and 
w(x) =0 if w(.t) = 0. 

Now, we set 

w(x) 

(63) m{x) := \ ~u~(x) 

if u = 0, 



if u ^ 0, 



and we observe that m is measurable and bounded, since A& < a(x) < m(x) < 
a(x) < Xk+i a.e. in 11, and w = mu. This establishes ([57)) . 

So, by ([56)) and ([57)) we have proved that u is a weak solution of problem 



(64) 



—Lku(x) = m(x)u{x) in O, 

71 = in E" \ fi. 
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Now, we can write u = ui + U2, where u\ € Hk and 112 € Pfe+i- Multiplying the 
equation in (|64[) by u\ and 112, we obtain 



m(x)ui(x)dx + I m(x)ui{x)u2{x)dx — I \u\(x) — ui(y)\ 2 K(x — y)dxdy, 



so that 



m(x)u\(x)dx + / m(x)ui(x)u2(x)dx = / \u2(x) — U2(y)\ K(x — y)dxdy 



Q 



\ui(x) — u\ (y)|^ K(x — y) dx dy — j m(x)u\{x)dx 

\u2{x) — 1*2(1/) I K(x — y)dxdy— / m(x)u\(x)dx. 



Now we apply (|44|) to the function ui £ iJfc and we conclude that 

(66) /NW-^K,-,)**^/^ 
Also, by ((261) and the fact that w 2 G Pfc+i 

(67) / \u 2 (x) - u 2 {y)\ 2 K(x - y) dxdy > X k+1 / u\(x)dx. 
jq Jn 

Therefore, by (|65[) . (|B"6"|) and (|6"T|) and by considering that 

(68) Afc — m(ai) < Afc — a(x) < and Afc+i — m(x) > Xk+i — a(x) > 
we get 

(69) > / (A* - m{x))u\(x)dx > / (A fc+1 - m(x))u 2 2 {x)dx > 0, 



so that all integrals are zero. But by (|6"B")) we get U\ = u 2 = and so u = 0. 
Now, by (|49|) 

{J'{Uj),Uj) =1 _ f f( X ' U j( X )) u j( x ) 



where, since /(x, itj)/ || y- is bounded in L 2 (f2) and by using the first observation 
in ([51]) and the right-hand side verifies 



"jfo) dx = f f( x ,Uj( x )) I Uj(x) _ \ ^ 
a IMLyo hiWxo Jn \\ u j\\x IjKIU J 

f(x,Uj(x)) f . . . . 

u{x)dx — > I w(x)u(x)dx. 



(71) 

+ I 1 

Jn \\ u j\\x J n 

as j — > +00. So by ([70]) and (|7T|) , it follows that / w(x)u(x)dx = 1 and we get a 
contradiction since u = 0. □ 

Proof of Theorem [H when A*, < a(x) < a{x) < Xk+i- At first, we prove that 
J satisfies the geometric structure required by the Saddle Point Theorem. By 
Proposition [13] it follows that for any M > there exists R > such that if 
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u £ Pfe+i and ||ii|| Xo > R then J(u) > M. If u e P fe+ i with ||u|| Xo < R, by 
applying (fTTj) . (|26| and Holder inequality we have 

J{u)>— { F(x, u(x))dx > — { a(x) \u(x)\ dx — - f u 2 {x)dx 



JO. JO. * JQ 

for some constant Cr = C(R, il) > 0. So, we get 

(72) J(u) > -C R Vu £ P fe+1 . 

By Proposition [12] we can choose T > in such way that for any u £ with 
IMIjfo = ^ we have 

(73) sup J(u) < -C H < inf J(u), 

ueH k ,\\u\\ Xo =T u£F k + 1 

We have thus proved that J has the geometric structure of the Saddle Point Theo- 
rem (see [H Theorem 4.6]). Now it remains to check the validity of the Palais-Smale 
condition. Let {Mj} jgN be a sequence in X that satisfies (|48|) and (|49|) . Since, by 
Proposition 1151 {v,j} . ^ is bounded and X is a reflexive space (being a Hilbert 
space, by Lemma [5]), up to a subsequence, there exists u £ X such that Uj con- 
verges to u weakly in X , that is 



(74) 



(uj(x) - Uj(y))((j)(x) - (f>(y))K(x - y) dxdy -> 

- u(y))((j)(x) - <f>(y))K{x - y) dx dy for any e X 

lR 2n 

as j — > +oo. Moreover, by applying Lemma [H] and [Tj Theorem IV. 9] 

Uj — y u in LWM Vg G [1,2*) 

(75) 

as j — > +oo. By (|49|) we have 

0«- {J'(uj),(uj -u)) = I \uj(x) - Uj(y)\ 2 K(x - y) dxdy 

Q 



Uj — > u a.e. m 



(76) - / (uj(x) -Uj(y))(u(x) -u(y))K(x -y)dxdy 



Q 

f(x,Uj(x))(uj(x) — u(x))dx. 

Now, since Uj is bounded in L 2 (f2), by ((HJ also f(x,Uj) is bounded in L 2 (tt) and 
so, by ([75]) and Holder inequality, we get 

(77) ^ 
/(x,« J -(o;))(tij(a;)-u(a;))dx < - u\\ L2{Q) fjf \f{x,u j (x))\ 2 dx^j ->■ 

as j -> +oo. By (74]) with = u, (J7B) and ([TTJ it follows that 

-(x) — Mj(y)| K{x — y)dxdy-^ j \u(x) — u(y)\ 2 K (x — y) dx dy 
so that 

(78) K|| Xo -> \\u\\ Xo 
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as j — > +00. Finally we have that 

IK' - u fx = \\ u j\\x + \\ u Wx ~ 2 / ( U A X ) ~ Uj(y))(u(x) - u(y))K(x - y)dxdy 

JR 2 ™ 

-►2||tt||* -2 f \u(x)-u(y)\ 2 K(x-y)dxdy = Q 

JK 2 " 

as j — s> +00, thanks to ([74)) and (|T8|) . Thus, we have proved the Palais-Smale 
condition and we can make use of the Saddle Point Theorem in order to obtain a 
critical point u £ Xq of J . □ 



It is worth pointing out that the solution found in Theorem [T] is unique, under a 
suitable condition on the nonlinearity. 

Corollary 16. Under the same assumptions of Theorem^]] and if in addition there 
exist two functions /3, j3 £ L°°(f2) and k > 1 such that 

(79) A fe < P(x) < < 2 (a .) < Afe+1 

— u — v 

for all u, v £ K with b/d and for a.e. x £ ft, then the solution of problem ([5]) is 
unique. 



Proof. Let Mi, U2 £ Xo be two solutions of problem ([5]). Then w := u\ — U2 is a 
solution of the following problem 

-Ckw{x) = f(x, Ui(x)) - f(x, u 2 {x)) in tt, 
w = in 1" \ D,. 



(80) 

Now, by setting 



f(x,ui(x))-f(x,u 2 (x)) 
(81) m{x):=\ ui{x)-ui{x) 

if u\{x) = u 2 (x), 



we get that w is a solution of problem (|64j) . Moreover, by (|79p . to is a measurable 
function that verifies Afe < j3(x) < m(x) < f3(x) < Xk+i a.e. in Q. As seen in the 
proof of Proposition [151 problem (f64|) has a unique solution u = and so we get 
U\ = u 2 concluding the proof. □ 



Appendix A. Proof of Lemma [T4l 

We prove that ip\ (x) < <p(x) (the proof that <j>{x) < ip 2 (x) is similar). 
Case 1: at first we consider the case when 

(82) lim inf <pj (x) > ipi (x) a.e. in SI. 

Let f3 j := (<pj — "0i) + = max{</)j — tpi, 0}. By the Fatou Lemma we have 

(83) lim inf / f3j(x)n(x)dx > / Uminf f3j(x)r)(x)dx > 
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for all T] G L 2 (f2) with rj > a.e. in ft. Now we have that 



(84) 



j — ipi) + (x)r](x)dx = 
(fa - ipi)(x)r](x)dx 



(4>j - ip 1 )(x)r]{x)dx 



'{x£(l: (j> j (x)<if> 1 (x)} 

Moreover, by using Holder inequality we get 



(<f>j - ij} 1 ){x)7]{x)dx. 



(85) 



{4>j - ipi)(x)r](x)dx 



{x£fl: 4> j (x)<ijj 1 (x)} 



{\4> 3 {x)\ 2 + \Mx)\ 2 )dx 



< 



1/2 



1/2 



{x£Q: <f> j (x)<ijj 1 (x)} 



rj 2 {x)dx 



Since by (j4"7| <j>j is bounded in L 2 (Jl) (see [TJ Proposition III. 5]), the first term of 
the right-hand side of (|85|) is finite, therefore 

\ V2 



(86) 



(|^(x)| 2 + |Vi(a:)| 2 )^ 



1/2 



{sen: 3 (x)<i/ii(x)} 



rj 2 (x)dx 



< 



C 



1/2 



7j 2 (x)dx 



with C a positive constant independent of j. Let g.j := 77 2 X{xef2: <t> j (x)<if} 1 (x)} an d 
set 

A := {x G : 7^ as j — > +00} . 

If x G ^4 then we can construct a subsequence such that 4>j k {x) < ipi(x), so passing 
to the limit we get 

lim inf <fij (x) < lim inf (j>j k (x) < ipi(x). 

k— >+oo 



By comparing the last inequality and (|82|) we see that the measure of A is equal 
to and so it follows that gj(x) — > a.e. in il. Since \cjj\ < rj 2 G L l (Vl), by the 
Lebesguc Dominated Convergence Theorem we have 



lim / gj(x)dx = lim / 



(87) 

By ([83]), dHJ), (| [J) we get 

lim inf 



W<*i(i)} 



rj 2 (x)dx = 0. 



and so by (|47[) it follows that 



•j — ipi)(x)r](x)dx = liminf / ((ftj — tpi) (x)r](x)dx > 
j-H-00 J n 



(88) 

and from this we get 



{<f> - tpi)(x)ri(x)dx > V?y G L 2 (ft) 
<P(x) > ipi(x) a.e. infi 



concluding the proof. 
Case 2: now we assume that 



lim inf <j)j (x) > ipi(x) a.e. inO. 
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For an arbitrary e > we set jj := <j)j + e, therefore 

lim inf 7j (x) > ipi(x) + e > ipi{x) a.e. infJ 

j-> + oo 

and 

7j^0 + e inL 2 (0). 

So, by Case 1, we have 

(j)(x) + e > ^i(x) a.e. in il 
and for the arbitrariness of e we can conclude the proof. 
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